A comprehensive study of the lattice dynamics, elastic moduli, and liquid metal resistivities for 16 simple metals in the bcc and fcc crystal structures is made using a density-based local pseudopotential. The phonon frequencies exhibit excellent agreement with both experiment and nonlocal pseudopotential theory. The bulk modulus is evaluated by the long wave and homogeneous deformation methods, which agree after a correction is applied to the former. Calculated bulk and Voigt shear moduli are insensitive to crystal structure, and long-wavelength soft modes are found in certain cases. Resistivity calculations confirm that electrons scatter off the whole Kohn-Sham potential, including its exchange-correlation part as well as its Hartree part. All of these results are found in second-order pseudopotential perturbation theory. However, the effect of a nonperturbative treatment on the calculated lattice constant is not negligible, showing that higher-order contributions have been subsumed into the pseudopotential by construction. For bcc sodium, the band structures of local and nonlocal pseudopotentials are found to be almost identical. ͓S0163-1829͑97͒01321-0͔
INTRODUCTION AND SUMMARY
The pseudopotential formalism, 1, 2 in which a weak effective interaction is set up between atomic cores and valence electrons, does an unexpectedly good job of reproducing properties of close-packed metals in second-order perturbation theory. 3 A recently developed local pseudopotential for simple metals 4 has been constructed specifically to be used in second-order ground-state energy calculations. This local pseudopotential, which we shall call density based, is tested here in a systematic study on a large class of metals.
To understand the spirit behind this density-based formalism, it is helpful to compare two different pseudopotential constructions. Conventional norm-conserving 5 pseudopotentials are constructed for a free-atom reference state, in which the nonlocal pseudopotential w(r,rЈ) reproduces low-lying valence-electron Kohn-Sham orbitals ⌿ i "r… outside the core. Our density-based pseudopotential is constructed for a crystalline reference state, in which the local pseudopotential w(r) reproduces key features of the electron density "r… outside the core. More precisely ͑in atomic units with e 2 ϭបϭmϭ1)
w͑r͒ϭ Ϫz r ϩw R ͑␣,R;r͒, ͑1͒
where z is the valence. The core repulsion w R depends analytically upon r, the distance from the electron to the center of the ion, and decays like e Ϫr/R as r→ϱ. The two parameters ␣ and R reproduce the all-electron interstitial density and the observed equilibrium lattice constant, where the density (r) is computed to first order and the total energy E to second order in the pseudopotential, using the local density approximation ͑LDA͒ for exchange and correlation. The parameter R turns out to be essentially the decay length of the highest-occupied core orbital of s or p symmetry.
In previous work 4 this local pseudopotential was shown to give a good account of crystal structure, bulk binding energy, and bulk modulus for the simple metals. Advantages of locality include computational simplicity, physical transparency, and suitability for use with density-functional theory ͑which in principle requires a local external potential͒. A disadvantage is that local pseudopotentials are less transferable 6 to nonreference environments than nonlocal ones.
Comprehensive unified studies of several metals with pseudopotentials are surprisingly rare, even though the simple metals justify use of a single, simple model to describe them. Rose and Shore 7 delineated trends in the elastic constants for both simple and transition metals, stressing the importance of interstitial density. Moriarty 8 calculated lattice dynamics, cohesive energies, and liquid metal resistivities using a nonlocal pseudopotential. Our work entails not only the lattice dynamics, but also the elastic moduli and liquid metal resistivities for 16 metals ͑Li, Na, K, Rb, Cs, Ba, Be, Mg, Ca, Sr, Al, Ga, In, Tl, Sn, Pb͒.
The first root of our interest in the calculation of phonon frequencies and elastic constants goes back to the work of Rasolt and Taylor. 9, 10 They constructed nonlocal pseudopotentials which, in first-order perturbation theory, reproduce the electron density around an ion in a uniform electron gas. Perdew and Vosko 11 showed that the same procedure could be applied to construct local pseudopotentials, which yield realistic phonon frequencies to second order for Li, where the pseudopotential is expected to be both nonlocal and strong; similar calculations have been made for Al ͑Refs. 12-14͒ and Mg. 15 In our present study, although we no longer invoke an ion in an electron gas, we still follow the primary directive of this earlier work: make the density outside the core correct to first-order in order to make the total energy correct in a second-order calculation.
The second root of our interest lies in the systematic calculations of simple-metal elastic constants by Ling and Gelatt. 16 They used a local pseudopotential constructed from the bulk stability condition alone to identify chemical trends in the bulk and shear moduli for 19 metals. The local pseudopotential we use here is more realistic 4 in its description of band-structure ͑second-order͒ effects, but still recognizes the key role played by the bulk equilibrium or zeropressure condition. Except for the metals Be, Ca, Sr, and Ba, where pseudopotential nonlocality can be especially important, our calculated phonon frequencies and elastic constants are in satisfactory agreement with experiment.
While phonon frequencies and elastic constants can be related directly to the total energy, the electrical resistivity cannot. Thus, we do not expect and do not find that our local pseudopotential is as accurate for the latter as for the former. Nevertheless, our calculated resistivities are sufficiently realistic to discriminate between proper and improper screening of the electron-ion interaction, as we show later in this article.
Since our local pseudopotential is constructed in and for second-order perturbation theory, it is not necessarily optimal for a nonperturbative treatment, as we show by calculating lattice constants both ways with the same pseudopotential. However, its two principles of construction ͑matching to both the all-electron interstitial density and the observed lattice constant͒ can also be used to find new parameters ␣ and R in Eq. ͑1͒ that are appropriate for a nonperturbative treatment. We have done this for sodium, and find that the resulting band structure is almost identical to that of a normconserving nonlocal pseudopotential. This nonperturbative approach should also permit the extension of our local pseudopotential to a broader class of materials, including Si and Ge.
LATTICE DYNAMICS
To obtain phonon frequencies for cubic crystals, we use the diagonal form 11 of the dynamical matrix for phonon wave vectors q pointing in the three high-symmetry directions:
where
where p is the plasma frequency, ⍀ 0 ϭz4r s 3 /3 is the equilibrium volume per ion, and M is the atomic mass. The polarization is ⑀ and G represents a reciprocal-lattice vector. Analytic expressions for the noninteracting linear-response function 0 (Q), the dielectric function ⑀(Q), and the Fourier transform of the pseudopotential w(Q), can be found in Ref.
4. The convergence parameter →ϱ is defined below.
The interpretation of Eq. ͑2͒ is straightforward. The first term, d
2 , accounts for the motion of positive point ions embedded in a rigid, uniform negative background. The next term, e 2 , accounts for electrons which are no longer rigid, screening the effects of the moving ions. Reasonable results for d 2 are impossible to obtain directly since the singularity of the Coulomb potential prevents the convergence of sums over reciprocal-lattice vectors. The solution 1 is to multiply each summation by the decaying exponential shown in Eq. ͑3͒, sometimes called a Gaussian compensating cap on the ion, in order to make the series converge. The parameter that controls convergence is , and we let 1/ go to zero at the end.
We studied each of the metals in both the body-centeredcubic ͑bcc͒ and face-centered-cubic ͑fcc͒ crystal structures, obtaining phonon frequencies for all 32 cases. In Table I , calculated phonon frequencies on the Brillouin-zone boundary are compared to experiment, where available, with a root-mean-square ͑RMS͒ relative error of 19%. We find that our local pseudopotential yields comparable accuracy to the nonlocal one of Moriarty 8 ͑also applied to second-order͒, for which the RMS relative error is 21%. Calculated frequencies for Li, Al, and Pb are too high, and for Li we do not achieve the crossover of the transverse (T) and longitudinal (L) branches in the ͓100͔ direction, an effect discussed by Sen et al. 17 The alkali metals, excluding Li, show excellent agreement with experiment.
ELASTIC MODULI AND SOFT MODES
Cubic crystals have three independent elastic constants 18, 19 (C 11 , C 12 , and C 44 ); they determine the bulk modulus or incompressibility under hydrostatic pressure
as well as the two shear moduli for volume-conserving processes,
and C 44 , which measure rigidity against tetragonal and angle-bending distortions of the unit cube, respectively. The Voigt or directionally averaged shear modulus
is also p , the single shear modulus of a polycrystalline sample, provided 18 that the cubic single crystal is fairly isotropic (CЈϷ). Similar formulas for hexagonal closepacked crystals are Eq. ͑3.6͒ of Ref. 20 and Eq. ͑22͒ of Ref. 16 .
In a polycrystalline ͑macroscopically isotropic͒ sample, Young's ͑stretch͒ modulus Y and Poisson's ͑strain͒ ratio are
͑11͒
The fractional volume change upon stretching is The elastic constants can be found from the phonon frequencies (q) and their sound velocities 23 ‫‪q‬ץ/ץ‬ by the q→0 method 24 of long waves ͑LW͒. The bulk modulus determined in this way from Eq. ͑7͒, B LW , is in principle equivalent to that found by the method of homogeneous deformation ͑HD͒,
where E is the total energy and V is the volume of the crystal. However, the numerical results B LW and B HD differ [25] [26] [27] when all expressions are truncated at second order in the electron-ion interaction; B HD is more realistic because it includes a change in the dielectric function due to a change in the volume per ion, 17 which is missing from B LW . Using our local pseudopotential, we evaluated B LW , B HD , and an independent expression 25,28,29 for their difference ⌬. Table II compares these results. We indeed find ⌬Ϸ(B HD ϪB LW ), except in some of the higher-valence metals for which our LW result is probably somewhat in error due to the delicate cancellation between ionic and electron contributions to the phonon frequencies. Adding ⌬ to B LW also brings the calculated LW bulk modulus much closer to experiment, with a root-mean-square relative error of only 11%. Jones 27 argued that ⌬/(B LW ϩ⌬)should not be large for the alkalis ͑we find it is roughly 30%͒, but might be significant for the polyvalents ͑where we find that it varies from 2% for Ga to 107% for Be͒.
As shown in Table II , the bulk modulus is insensitive to the difference between the bcc and fcc structures. This result is not unexpected, since Wigner and Seitz 30,31 successfully calculated bulk moduli from a model in which the polyhedral Wigner-Seitz cell was replaced with a sphere of the same volume. Table II also shows our calculated long-wave shear moduli CЈ and , which require no correction since they describe volume-conserving distortions. As anticipated by Ling and Gelatt, 16 turns out to be relatively insensitive to the difference between bcc and fcc structures; however, CЈ is quite sensitive to crystal structure. In view of the substantial differences between CЈ and , with CЈӶ, we have tried to report only single-crystal ͑and not polycrystalline͒ experimental values for comparison with the results of our calculations.
Our result CЈϽ0 means that the cubic structure is unstable against tetragonal distortion, under which bcc can be transformed continuously to fcc. 32, 33 We find this instability in the bcc structure of all our metals with zу2, consistent with the finding of Fiolhais et al. 4 that fcc has a lower calculated total energy than bcc for these metals. Additionally, our CЈϽ0 result is always associated with long-wavelength phonon soft modes, 8 which for bcc occur in the T1͓110͔ branch. For Ca, Sr, and Ba we also find CЈϽ0 for the fcc 4 that the hexagonal close-packed structure ͑hcp͒ has the lowest calculated total energy for these metals. This result is of course a failure of pseudopotential locality, 8, 34 since Ca and Sr are really fcc while Ba is really bcc.
As shown in Table III , all our bcc phonon soft modes disappear under pressure when the volume ⍀ per ion is reduced far enough. This is consistent with the observation 35 that Mg transforms to the bcc structure under pressure. For Ca, Sr, and Ba, the calculated bcc soft modes disappear under very slight compression. Recently Milstein and Rasky 36 have shown that the bcc structure of the alkalis can go unstable under pressure, with CЈϽ0.
RESISTIVITY
As a more sensitive test of our density-based local pseudopotential, we have evaluated the electrical resistivities 
͑13͒
Here S(Q) is the ion-ion structure factor, for which we use the hard-sphere model of Ref. 38 , with packing fraction 0.45. Table IV compares theory and experiment 38, 40 at the melting point, and shows the experimental density parameter r s for that temperature. When the dielectric function ⑀(Q) is properly treated in the local density approximation ( LDA/LDA in Table IV͒ , reasonable agreement with experiment is found for most of the simple metals, but not for those in which the pseudopotential should be strongly nonlocal ͑Li, Be, and the alkaline earths͒. For the latter metals, the nonlocal pseudopotential calculation of Moriarty 8 gives significantly more realistic resistivities.
The Ziman formula, Eq. ͑13͒, is highly sensitive 41 to all of its inputs S(Q), w(Q), and ⑀(Q). The correct dielectric function ⑀(Q) is 42 the same one that appears in our calculation of phonon frequencies and total energies: Eq. ͑3.7͒ of Ref. 4 , which corresponds to electrons scattering off fluctuations of the self-consistent Kohn-Sham potential in the local density approximation ͑LDA͒, with the electron-density response also evaluated in LDA. The results of this treatment are labeled LDA/LDA in Table IV , and are virtually identical to resistivities that we calculated with the ''exact'' ͑beyond LDA͒ local field factor. 43 Other choices for ⑀(Q), corresponding to other positionings of the local field factor G XC (Q) in Eq. ͑3.7͒ of Ref. 4 , are sometimes encountered in the literature, but are expected to yield less satisfactory resistivities, as shown in Table IV . Neglect of the local field factor, i.e., use of the Lindhard 41 ⑀(Q), corresponds to electrons scattering off the Hartree self-consistent potential, with the electron-density response also evaluated in the Hartree approximation, yielding Har/Har . A different way 39 of inserting the local field factor corresponds to electrons scattering off the Hartree potential, with the electron-density response evaluated in LDA, yielding Har/LDA . Our results of Table IV, especially those for the large-r s metals, indicate that electrons scatter off the whole Kohn-Sham potential, including its exchange-correlation part as well as its Hartree part.
BEYOND PERTURBATION THEORY: LATTICE CONSTANT AND BAND STRUCTURE
We have seen that our density-based local pseudopotential, applied in second-order perturbation theory, yields a realistic description of the phonon frequencies and elastic constants of most simple metals. However, as we will show below, this does not mean that the pseudopotential is so weak that higher-order contributions to the energy are completely negligible. The correct interpretation 11, 44 is that these higher-order contributions have been to some extent folded into a low-order calculation by the perturbative method used to fix the parameters of the pseudopotential. The same observation presumably applies to the two-parameter local pseudopotential of Rasky and Milstein, 45 which has been applied recently 36, 46 to calculate the pressure dependence of the elastic constants for the alkali metals.
In support of this position, Table V reports equilibrium lattice constants for bcc Na, hcp Mg, and fcc Al. Theoretical values were constructed by minimizing the total energies. To second order, the evanescent core pseudopotential reproduces the experimental values by construction. However, when these local pseudopotentials are applied nonperturbatively, the predicted lattice constants are too large by 1.6% for Na, 5.5% for Mg, and 11.0% for Al. Table V also shows that lattice constants predicted by the more realistic Hamann norm-conserving nonlocal pseudopotentials are too small by 6.0% for Na, 2.5% for Mg, and 2.1% for Al; this underestimation is principally due to the tendency of the local density approximation to exaggerate binding. All nonperturbative calculations were made within a plane-wave expansion, 47 using a 40 Ry energy cutoff.
The two parameters of the local evanescent core pseudopotential may be revised for use in a nonperturbative calculation, as Nogueira et al. 6 have done for Na. The revised potentials have a stronger and more short-ranged͑harder͒ core repulsion, as Fig. 1 shows.
Only in a nonperturbative approach can one calculate a meaningful Kohn-Sham band structure. Figure 2 shows the band structure calculated for bcc Na ͑at the experimental lattice constant͒ using ͑a͒ the realistic nonlocal pseudopotential of Hamann, 48 ͑b͒ our local evanescent core potential with revised ͑nonperturbative͒ parameters, and ͑c͒ the freeelectron model. We find that the band structure of ͑b͒ is remarkably like that of ͑a͒, showing once again that a local pseudopotential fitted to the measured lattice constant and interstitial density is realistic.
The band structure of Fig. 2͑b͒ is even closer to the band structure of the local pseudopotential seen by the s electrons in the Hamann scheme, although this potential in real space ͑Fig. 1 of Ref. 6͒ bears little resemblance to the local pseudopotentials in our Fig. 1 . Table VI presents numerical results for selected energy differences.
CONCLUSIONS AND FUTURE DIRECTIONS
In order to assess the strengths and weaknesses of our density-based local pseudopotential we have calculated phonon frequencies, elastic moduli, liquid metal resistivities, and the band structure, with results summarized in the abstract. Although the phonon frequencies and bulk moduli of Ca, Sr, and Ba are for the most part close to experiment, the spurious soft modes we find in these alkaline earths show that a nonlocal pseudopotential is needed to reflect the hybridization of low-lying d states. For most of the other simple metals, we conclude that a local pseudopotential based on the interstitial and average valence electron density is a good choice which produces solid-state results in agreement with both experiment and nonlocal pseudopotential theory.
In all our work, we have used the local density approximation ͑LDA͒ for exchange and correlation. LDA is very accurate for the linear response of the density of a uniform electron gas, 43 but less accurate in higher orders of perturbation theory. Thus we suggest that future nonperturbative calculations be based on the generalized gradient approximation. 49, 50 Such nonperturbative calculations are Local pseudopotentials cannot be as realistic as nonlocal ones, but still have a role to play in an age of powerful computers. First, for the description of disordered condensed phases such as alloys and liquid metals, both locality and suitability to low-order perturbation theory have key computational advantages. Second, the simplicity of local pseudopotentials invites the discovery or explanation of chemical trends among the sp-bonded elements. We are currently searching for a unified understanding of equilibrium crystal structures at normal and compressed volumes, and more generally for a universal local pseudopotential controlled by only two inputs, the chemical valence and the average valence-electron density. Third, local pseudopotentials define quasirealistic systems on which density-functional approximations for the exchange-correlation energy can be tested against nearly exact calculations that often yield richer and more precise information than experiments. For example, the static linear-response function of the uniform electron gas is known exactly at the exchange-only level, 51 and almost exactly when correlation is included. 43 Beyond linear response, quantum Monte Carlo ͑QMC͒ simulations 52 produce a nearly exact result for systems of interacting electrons by evaluating only a representative random sampling of the wave function. QMC typically requires a pseudopotential and works far more efficiently when that pseudopotential is local. 
